This paper is concerned with some dynamics of the permanent-magnet synchronous motor chaotic system based on Lyapunov stability theory and optimization theory. The innovation of the paper lies in that we derive a family of mathematical expressions of globally exponentially attractive sets for this chaotic system with respect to system parameters. Numerical simulations confirm that theoretical analysis results are correct.
Introduction
Since Lorenz et al. were the first to investigate the Lorenz equations in , chaotic systems have played an important role in a variety of industrial fields [-]. As is well known, the research on chaos is not limited to the fields of mathematics and physics. It is found that chaos widely exists in the fields of meteorology, medicine, computer science, economics, mechanical engineering, cryptography, and so on [-]. However, it was not until the s that chaos has gradually attracted enough attention due to the findings in practical engineering. From the point of view of the potential application of chaos theory in practical engineering, many efforts have been made to study chaos in the past  years. This paper mainly focuses on the chaotic system model from a permanent-magnet synchronous motor (PMSM) which is a nonlinear, multivariable, and strong coupling system. A permanent-magnet synchronous motor is a kind of highly efficient and high-powered motor, which has been widely used in the industry. Usually, the dynamics of a PMSM is modeled as a three-dimensional autonomous differential equation [, ] . Dynamical behaviors of the PMSM, such as periodic solutions, chaos phenomena, phase portraits, bifurcation diagrams, Lyapunov exponents, chaos anti-control and chaos synchronization, have been widely studied in [, ] .
In recent years, dynamical behaviors of chaotic systems, such as stability, periodic solutions, circuit implementation, image encryption algorithm, chaos synchronization, chaos attractors, heteroclinic orbits and homoclinic orbits, have been extensively investigated [-]. However, little seems to be known about the global exponential attractive set of chaotic systems [-] . Despite the fact that many qualitative and quantitative results on the permanent-magnet synchronous motor system have been obtained [, ] , there is a fundamental question that has not been completely answered so far: is there a global exponential attractive set for the permanent-magnet synchronous motor system? Global exponential attractive sets play an important role in dynamical systems. The global exponential attractive set is also very important for engineering applications, since it is very difficult to predict the existence of hidden attractors and they can lead to crashes [] . Therefore, how to get the global attractive sets of a chaotic dynamical system is particularly significant both for theoretical research and practical applications. In [, ], one shows that Lyapunov functions can be used to study chaos synchronization. However, Lyapunov-like functions used in [, , , ] cannot be used to study the global attractive sets for the permanent-magnet synchronous motor system. In this paper, a new Lyapunov-like function is constructed to investigate the global attractive sets of the permanent-magnet synchronous motor system. Motivated by the above discussion, we will investigate the global attractive sets of the permanent-magnet synchronous motor system. The meaning of the contribution of this article is that not only do we derive a family of mathematical expressions of global exponential attractive sets for permanent-magnet synchronous motor systems in [, ] with respect to the parameters of the system, but we also get the rate of the trajectories of the system going from the exterior of the trapping set to the interior of the trapping set.
The rest of the paper is organized as follows. The permanent-magnet synchronous motor (PMSM) model is given in Section . In Section , we prove that there exist global exponential attractive sets for the chaotic PMSM system. Some numerical simulations are also given in Section . Section  gives conclusions.
Permanent-magnet synchronous motor model
A permanent-magnet synchronous motor (PMSM) is a kind of highly efficient and highpowered motor, which has been widely used in the industry. The model of the PMSM, as described in [] , is as follows:
where i d , i q and ω are the state variables, which represent currents and motor angular frequency, respectively; u d and u q represent the direct-and quadrature-axis stator voltage components, respectively; J represents the polar moment of inertia; T L represents the external load torque; β represents the viscous damping coefficient; R  represents the stator winding resistance; L d and L q represent the direct-and quadrature-axis stator inductors, respectively; ψ r represents the permanent-magnet flux, and n p represents the number of pole-pairs, the parameters
, by applying an affine transformation, X = λY , and time-scaling transformation, t  = τ t, where
where
where x, y and z are the new variables of the system (), and the parameters γ and σ are positive constants.
where this case can be considered as the case that, after a period of operation, the external inputs of the system () are removed, the PMSM system () is written as
where x, y and z are the new variables of the system (), and the parameters γ and σ are positive constants. There exist complex nonlinear dynamical behaviors in the system () including chaos and periodic orbit. The butterfly chaotic attractor of the system () with γ =  and σ =  in the xoyz space is shown in Figure  . Chaotic attractors of 
Dynamics of the PMSM
In this section, we will discuss the global exponential attractive sets of PMSM system (), () and (). We have the following results.
X(t) = x(t), y(t), z(t)
.
we can get the exponential estimate of the system (), given by
That is to say, the set
is the global exponential attractive set of the permanent-magnet synchronous motor system ().
Proof Let us define
then we get
Define the following Lyapunov-like function:
Differentiating the above Lyapunov-like function V λ (X) with respect time t along the trajectory of system () yields
which is equivalent to
Integrating both sides of equation () yields
we have the inequality for system () given by
By definition, taking the limit on both sides of the above inequality as t → +∞ results in
is the global exponential attractive set of the permanent-magnet synchronous motor system (). This completes the proof.
we can get the exponential estimate of the system (), given by
is the global exponential attractive set of the permanent-magnet synchronous motor system ().
Proof Let us define
then we can get
Differentiating the above Lyapunov-like function V λ (X) with respect time t along the trajectory of system () yields
and integrating both sides of the above formula yields
we have the inequality for system () given by
Similarly, we get 
then, as a summary, the permanent-magnet synchronous motor system considered in (), from a dynamical point of view, has an identical behavior to the Lorenz system. Thus, many known results on the localization and global exponential attractive sets of the Lorenz system can be used for the considered system () (see [, , , ] for a detailed discussion of the localization and global exponential attractive sets of the Lorenz system). Systems () and () are not equivalent to the Lorenz system [, ], the already known techniques do not work for the considered systems () and ().
Conclusions
In this paper, the global attractive sets of the permanent-magnet synchronous motor have been obtained based on dynamical systems theory. This method can be applied to consider other chaotic systems. In the future we will conduct research on how to control the PMSM to avoid the chaotic behavior and protect the motors in practical applications.
